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Control of Vortex-System Stability

Z. Rusak* and A. Seginert
Technion—Israel Institute of Technology, Haifa 32000, Israel

A new analytical concept of the control of vortex-systems stability is presented. This approach is based on an
analysis of the authors’ general theory for the evaluation of the three-dimensional long-wave linear stability of
systems of straight vortex filaments immersed in external incompressible potential flowfields in the vicinity of
solid surfaces. The introduction of time-dependent geometrical perturbations of the surfaces reshapes the
equations of the development of displacement disturbances along the vortices into the form of classic linear-con-
trol equations, with the surface perturbations as a controller. The classic criteria of the linear control theory are
then applied to adapt the terms of ‘‘controllability’’ and ‘‘observability’’ to vortex-systems stability. Criteria for
the analysis of the theoretical possibility of controlling the stability of vortex systems are developed. Based on
this approach, the new concept of actively controlling vortex stability in an open- or closed-loop feedback mode
is developed. Two examples demonstrate the powerful potential of the combined theories of vortex stability and
control. Control laws that are based on measuring vortex disturbances are proposed for the suppression or
amplification at will of the well-known Crow instability of a vortex near a straight plane.

Nomenclature
A = influence matrix, Eq. (24)
A, = reduced influence matrix
A, = controlled matrix, Eq. (36)
a,4ap,an = components of matrix A, Eq. (30)

as = forcing function, Eq. (23)

B = influence matrix of ?, Eq. (24)

b11,b12, 021,02 = components of matrix B, Eq. (30)

by, b, = column vectors of matrix B, Eq. (36)

C = measurement matrix, Eq. (27)

C* = core-diameter parameter, C*= 6/

C, G = components of the measurement
matrix C, Eq. (30)

C qu = generalized damping of a vortex
system

c = vortex core diameter

d = disturbance vector, Eq. (24)

dd; = components of vector d, Eq. (30)

e..e,,e; = unit vectors in the (x,y,z) directions
respectively

Fp = general description of the solid

surfaces, Fr =0
fr = general description of the solid
surfaces’ basic state
kernel function, Eq. (23)
= control functional or matrix, Eq. (34)
= distance of the vortex from the plane
special function in Eq. (38)
= special function in Eq. (37)
= imaginary unit, i =+ -1
= wave number, Eq. (21)
= characteristic length
= number of vortices
= controllability matrix, Eq. (28)
= observability matrix, Eq. (29)
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= source distribution function, Eq. (4)

= source distribution basic state

source distribution fluctuation

source distribution functions

radius of circular tube

small surface perturbations, R,(xg,?)

Fourier transform of R;, Eq. (24)

= position vector, R,(S,,t), describing
the nth vortex line

= position vector to a general point in
the flowfield

= position vector, Ry (x,y,2,t),

describing a point on the solid

surfaces

radial distance, Egs. (26)

control vector, Eq. (24)

Laplace variable

= point along the nth vortex line

= time

initial and terminal time

external flowfield velocity

= x-wise component of external flow U,
Eq. (17)

= velocity field at infinity

= velocity vectors

= y-wise component of external flow U,
Eq. (17)

= z-wise component of external flow U,
Eq. (17)

= self-induction function, Eq. (37)

= x-wise coordinate along the nth vortex

= x-wise coordinate along the solid
surfaces

= component of vector y., Eq. (30)

= y-wise displacement wave of the nth
vortex, Eq. (10)

= y-wise coordinate of vortex basic-state
position, Eq. (10)

= y-wise coordinate of a point on Fr=0

= displacement vector, Eq. (24)
(Fourier-transformed)

= displacement vector at t=¢,

= measurement vector, Eq. (27)

= components of 9, Eq. (30)

= z-wise displacement wave of the nth
vortex, Eq. (10)
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Zon = z-wise coordinate of vortex basic-state
position, Eq. (10)

2R = z-wise coordinate of a point on Fr =0

8 = dimensionless wave number

r,r, = circulation

A2 = eigenvalues

o = cut-off distance, 6 = C*p3, also
perturbation displacements in
Eqgs. (15)

x(B),4(B) = Crow’s interaction functions

¢ = velocity potential, Eq. (1)

Oro = Lagrangian parameter of a point on
fr = 0 at a specific cross section xz

Subscripts

m,n = vortex index number

no = index, Eq. (20a)

D = index of a point in the flowfield
q = index, Eq. (40)

R = surface index

RO = index, Eq. (20b)

S = index, Eq. (23)

X = x-wise componerit or derivative
y = y-wise component or derivative
4 = z-wise component or derivative
0 = basic-state condition

Superscripts

S = influence of sources

| 4 = influence of vortices

~ = Fourier-transformed

’ = integration variable, Eq. (23) and (26)

Introduction

ODERN flight vehicles, and especially highly maneu-

verable modern fighter aircraft and missiles, generate
highly complex, three-dimensional flowfields that contain
concentrated vortices. The vortical flows strongly affect the
aecrodynamic characteristics of the vehicles. In the case of
military maneuverable vehicles, as well as in several novel
designs of general aviation vehicles, the vortices contribute to
vehicle performance and extend its operational flight envelope
to super maneuverability and increased agility.! In more con-
ventional aircraft, such as large transports, the vortical wakes
induce drag on the aircraft and can endanger small vehicles
that inadvertently happen to cross these wakes.?

The utilization of the vortex fields to enhance flight-vehicle
performance is strongly limited by vortex instabilities. These
are usually accompanied by strong unsteady phenomena that
can endanger the stability of the flight vehicle itself.! On the
other hand, destabilization of the tip vortices of heavy trans-
port aircraft could reduce their drag penalty and alleviate the
air-traffic controllers’ problem of keeping small craft out of
the wakes of larger ones.? The ability to predict the flowfield
conditions that destabilize the vortices, and even better, the
ability to control this stability would, therefore, be beneficial
for the future utilization of vortex flows in the aerodynamic
design of flight vehicles. Future vortex-stability control (either
stabilization or destabilization) could greatly enhance the
aecrodynamic performance of flight vehicles.

All of the applications of the classic approach to vortex-sta-
bility analysis are studies of specific self-preserving vortex
flowfield configurations. These include, for example, the two-
dimensional cases of point vortices in steady or quasisteady
flowfields under two-dimensional perturbations, e.g., Refs.
3-9, or the few studies of basically two-dimensional flows with
three-dimensional perturbations, e.g., see Refs. 10-16. The
classic approach is to study the linear stability of the perturbed
vortex system by determining the character of the eigenvalues
of the linearized equations that describe the development of
the perturbations. Only recently has the classic approach been
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applied by the present authors'”!® to the three-dimensional
long-wave linear stability of a general system of straight con-
centrated vortices in the vicinity of solid surfaces and in an
external incompressible potential flow. Using this general the-
ory, the authors of this paper presented a new approach to the
vortex-stability problem.!® It proposes a new physical model
that identifies basic physical mechanisms that drive dynamic
and static instabilities in vortex systems. This model is based
on an analogy between the development of the three-dimen-
sional perturbations to the vortex filaments and the motion of
a mechanical system of a unit point mass on a spring and
dash-pot combination.

Despite the large number of analyses of two-dimensional
stability problems®® and several three-dimensional stud-
ies,'0-16 the prediction of the observability and controllability
of vortex systems by the classic linear-control approach has
never been proposed. Such a prediction could lead to the
measurement of the development of the perturbations in vor-
tex systems and to their control. Controlling vortex instabili-
ties could open the gate to a new technology of stabilizing or
destabilizing vortices at will.

Presented in this paper is a new analytical approach to the
question of vortex-stability control.?® It is based on the general
theory of Rusak and Seginer'® and on the well-established
criteria of controllability and observability, defined by linear-
control theory.2* With these criteria, the theoretical possibility
of controlling a vortex-system stability can be analyzed. The
following analysis is limited to steady or time-dependent in-
compressible potential flowfields with infinitely long thin
straight concentrated vortices parallel to infinitely long bod-
ies. The stability analysis is limited to small three-dimensional
long-wave perturbations.

" Two examples are presented to demonstrate the powerful
potential of the combined theories of vortex stability and
vortex control. The challenging concept of active control of
vortex stability is proposed for future research.

Mathematical Model

The model developed by Rusak and Seginer'® considers a
configuration of N potential vortex filaments with different,
but known circulations I',,(n =1, ..., N), in an incompressible
potential external flowfield. The velocity-potential field (¢) of
the flow, u = V¢, is described by the Laplace equation

Vig=0 (§))

The solution of Eq. (1) is governed by the streak-line equa-
tions that describe each of the N vortex lines R,(S,,?)

DR,
Dt

= Up(Sy,1) (n=1,...,N) 2)

where R,(S,,t) is the position vector to point S, on the nth
vortex filament at time ¢, and u,(S,,?) is the velocity induced
by the flowfield on this point.

When solid but flexible surfaces, given by their time-depen-
dent shapes Fi(Rg,t)=0, also are present in the flowfield
(where Ry is the position vector to a point on the surface), the
flow-tangency boundary condition has to be satisfied at each
point R and time ¢

R TRy VR = on Fp=0 3

where uy is the velocity induced by the flowfield on any point
on the surfaces, and VFjy is a vector normal to the surface
Fj =0, pointing into the flowfield.

To satisfy the tangency condition (3), the solid surfaces
Fr =0 are represented by a potential source distribution
over them

Q = Q(Rg,?) @
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In unbounded flowfields, the velocities induced by either
the vortices or the solid surfaces vanish at large distances r
from them, like 1/r and

Vo—U, as r—oo (5)

where U, is a given flow velocity vector at infinity. Initial
conditions that describe the vortex lines at time 7 =¢, are also
given for every n by R,(S,,t0) (n =1,...,N). The solution of
Egs. (1) through (5) gives the equilibrium dynamics of the
vortices in the flowfield, referred to here as the ‘‘basic state.””

The total velocity u, at a point R, in the flowfield is given by
the sum

u,=U+u) +u; ©®

where U is a given external incompressible potential flowfield
satisfying
v-U=0, vxU=0 ©)]
In Eq. (6), upV is the velocity induced by all the vortex lines
on a point R, and is given by the Biot-Savart law,?

®

v = Iy R,,*xdR},
up = R

m=1 4w “ 'Rr;zp | 3
in terms of the relative positions R, =R,,—R,, length ele-
ments dR ,, and circulation intensities I';,. When point R, lies
on a vortex filament, then p =n. The primes are used here to
designate points on a vortex filament and terms related to
them. The logarithmic singularity when p=n in the calcula-
tion of the self-induced velocity of a curved vortex line is
treated by the ‘‘cut-off distance’’ model of Widnall?* or of
Moore and Saffman.?*

The variable u; is the velocity induced by the source distri-
bution Q on a point R, and is given by?

s_ ([ _aRgdFy
"= ﬁ 47 Rip | ®

in terms of the relative position Rg, = Rz —R,,, the area of the
surface element of dF;, and the source strength Q’ at a point
Ry . When point R, lies on the surface, then p =R. The primes
are used here to designate points lying on the surfaces Fr =0
and quantities related to them.

An orthogonal and inertial Cartesian coordinate system
(x,y,z) with unit vectors (ey,e,,e,), respectively, is used to
describe the flowfield. The N vortices are assumed to be
infinite filaments, each along its x, axis (which is parallel to
the x axis), and described by

anexxn +ey(y0n +yn)+ez(z0n +zn) (I1=1,...,N) (10)

where x, is the Lagrangian variable, x, =S, that goes from
(—®) to (+ ), (¥on,20n) are the basic-state (unperturbed)
position coordinates of the nth vortex that depend on time ¢
only, Yor =Yon(t), Zon =20n(t), and (y,,z,) are two orthogo-
nal displacement waves in the y and z directions, respectively,
that are imposed on each of the vortex filaments and that
depend on position (x,) along the nth vortex and on time ¢,
Yn=Yn(Xn,t), 2,=2,(xs,t). The initial conditions at time ¢,
are assumed to be given for every n by

Yon(to)s  Zon(to)s  Yn(Xnst0)s  Za(Xn,to) 1
The solid surfaces Fr =0 are defined as infinite surfaces along
an xp axis (that also is parallel to the x axis), and given at each
point Ry=e,xg +€,yg +€;2r by

Frxr,Yr,2r»t) =Jr(Vr,28) — Ri(xg,1) =0 (12)
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where xg goes from (—~ o) to (+ ), fr(Yr,2r)=0 is the
basic-state form of the surfaces Fr =0, defined as infinite
two-dimensional surfaces, and R(x,?) is an a priori known
unsteady lengthwise perturbation to the shape of the surfaces
fr=0. The functions f; and R, are given as dimensionless
functions. The characteristic length £ of the problem is defined
as the minimal distance between the vortices in their basic state
or between these vortices and the surface fzx =0

£ = min {r;;iggj(yo,n = You)?+ Rom—20n)?

m#n

min [(yr—y0,)2+ (zR—zOn)Z} | (13)
All the perturbations are characterized by sufficiently small

amplitudes and slopes compared with the characteristic length
{ of the problem, for every n and (x,,¢)

2 2 2 2
Yn) < LA WY o 92,
<€> <1, <e> <1, (ax"> <1, (ax,,> <1 (l4a)

and for every (xg,f)

2
R?<1, f{%) <1 (14b)

Each point on the surfaces Fr =0 is assumed to be given at a
specific cross section xz by
YR =Yro+0Vr,  Zr=2ro+ 02z (15)

where (¥ro,Zro) are the (¥,z) coordinates of a point on the
basic-state surfaces, fzr(Yro,2r0) =0, that are also represented
by a Lagrangian parameter 0ro, Yro=Yro(6r0)> Zro=2r0 (Br0),
and (6yg,0zz) are small displacements that depend on the
perturbation R;(xg,?).

The source distribution @ also is assumed to be constructed -
of a basic-state term Qo that depends on (¥zo,Zro,?), and a
fluctuation Q, that depends on (xz, Yzr,2z,?)

Q = Qo(Vro>Zr0>t) + Qi(Xr,VR>2R 1) (16a)

where for every n and (Rg,?),

2
(I‘,,?Zlﬁ'f) <1 (16b)

The external flowfield U is described by

U=eU+eV(y,2z) teW(y,z) Qa7

where U is a uniform axial velocity and V and W are steady
cross-flow velocities in the y and z directions. This is in princi-
ple a quasi-two-dimensional flow, but despite the dynamic
similarity, it can be shown that under certain conditions the U
component has a major influence on the static stability of the
vortex system (for details, see Ref. 18).

Substituting Eqgs. (6) and (10) in the streak-line equations,
Eqgs. (2), results for every n and (x,,¢) in

dy n ayn ay
_ T(; tar T [U+ (), + (“E)X] 6x:

= V(on +YmZon +2) + (), + (u2),

i oz ‘ 3z,
e[ @] 5

= W(yOn + YnsZ0n +zn) + (u”V)z + (u;zs)z (18)
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Substituting Egs. (6) and (12) in the flow-tangency bdundary
condition, Eq. (3), results for every (Rg,?) in

oR
-t U ), + (uf), ] Fre

+ [VOrz0+ @), + (), | Fro
+ [WOr,z0)+ (@h), + (uf), | Fr. = 0 19

where Fgy,Fgy,Fr, are the (x,y,z) components of vector
VF,

Ir11e the basic (unperturbed) state, the N vortices are assumed
to be straight parallel filaments (for every n: y,=z, =0), and
the solid surfaces are defined as infinite two-dimensional
steady surfaces fr =0 (for every Rg: Q;=R;=0). Equations
(18) and (19) result then in the basic-state or zero-order equa-
tions for every (n,?),

d
g(;n = V(¥ons20n) + vnlf) + Vnso
dz
~ip = W00n,200) + Wi + Wi (202)

and for every (0z0,¢),
[V (Bro) + vEo+ vRo] fryo + [ W (Or0) + Who+ Wio] Frz0
+ V2 Qo(bro, 1) =0 (20b)

where v, vy, VEo, Vo and wy, wi, wko, wio are the y
and z basic-state components of the velocities &) , uS, uf , ug,
respectively. Also in Egs. (20), (fgy0,/rz0) are the (y,z)
components of the unit vector Vfr/| V.fz]. The solution of
Eqgs. (20) gives the two-dimensional dynamics of the vortices
in the flowfield, y,,(¢) and zy,(¢), for every n, together with
the basic-state source distribution Qg(0z0,¢) over the surfaces
Jr=0.

A linearization of the flowfield equations, Eqs. (8), (9),
(12), (16-19), with respect to the basic state, results!® in a
first-order system of linear integro-differential equations for
the solution of the vortex perturbations y,(x,,?), Z,(x,,t) and
the source fluctuations Q(xz,0ro,t). The perturbations are
assumed to be represented by Fourier integrals

Vn(Xn 1) L (K 1)e* dk

2.k, e dk

Q.l(xR,GRo,t) = Q.l(k oRo,t)E'kXR dk

-
Zn(Xn,s 1) g
I

Ri(xg,t) = v‘ R\(k,ne**x dk @n

where £ is the wave number of a sinusoidal perturbation in the
x direction, i =</~ 1, and $,,%,,@, ,R | are the Fourier trans-
forms of y,,2,,Q ,Rl, respectlvely Also &, is assumed to be
a linear combination of the Fourier transforms of the vortex
and surface perturbations

) |
Q=Y @, am- ZmQ.zm)+R1QR1+—QR1 @2)

m=1 T

where the functions @, & ;m,&z1,&Q4: are unknown source
distribution functions. Substituting Egs. (21) and (22) in the
linearized integro-differential equations results after an in-
volved but straightforward analysis,'® for every dimensionless
wave number 8= k{ of the imposed perturbations, in a system
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of (N +2) Fredholm integral equations of the second kind for
the solution of the functions Qs (S =ym,zm,R1,R1)

fru _
Qs (B, 0r0,1)F(B,0r0, Oro,t) dbio

RL

QS(B’BRO,t) + S

= a5(B,0ro,1) ‘ (23)

and in a system of first-order, linear differential equations
that describe the time history of the Fourier-transformed dis-
placements of the vortices

%-)tz:A(B,t)j’(ﬁ,t)+B(B,t)i'(ﬁ;t) +d(B,1) (24)

In Eqs. (23) the kernel function & and forcing functions as are
functions of 8 and of the basic-state solutions, and (0ry,0z)
are the values of fz¢ at the boundaries of the surfaces f; =0,
when they are described by 6zo. In Eq. (24), 9 is a 2N-di-
mensional column vector of the Fourier-transformed pertur-
bations, p7=pT(B,0)={ ..., Pu(B:1),2:(8,1),...}, A is a 2N
X 2N- dlmenswnal influence matrix, 7 is a 2 X 1-dimensional
vector of the Fourier transform of (R,, dR,/dt), Bis its 2N X 2-
dimensional influence matrix, and d can be any other general
disturbance vector or a vector that arises from specific initial
conditions. The components of matrices A, B are functions of
the wave number 8, the basic-state solution, and the source
distribution functions & 5. The matrix 4 is a function also of
the N dimensionless cutoff distances 8, of each of the N vor-
tices, which are given by

5, = Cxp : 25
where C¥is the nth vortex core-diameter parameter that can be

evaluated by the Widnall??* or Moore and Saffman24 models of
the cutoff distance

2
Cx = C-ff— expll/2—n2— A, +Cy] (26a)
In Eq. (26a)
' 2r/cn
A, = lim [S r'vé, dr’—fnﬁ]
2r/cy— 0 Cn
8 = ’ 2 ’
Co=—=\| r'ws,dr . (26b)
cr o ‘
where
V - V0n(r/) - Vxn(r,)
o T, /e, o=, /we,

where ¢, is the core diameter of the nth vortex, r is the radial
distance from the vortex axis, r’ = 2r/c,, and (Vy,,Ws,) are
the dimensionless circumferential and axial velocity distribu-
tions (Vs,, Vi), respectively, in the nth vortex rotational core.
The use of the “‘cutoff distance’ model limits the present
theory to slender vortices where (c,/f)2<1 or C¥ <1 and to
long-wave perturbations where the dimensionless wave num-
ber of a sinusoidal perturbation is limited by (3C#)2<1. For
details of the analysis, as well as for the functions ¥, @gand the
components of the matrices A, B, see Ref. 18.

In the general case of an unsteady basic state of the vortex
motion, the matrices 4 and B are time-dependent and their
components are determined by the basic-state solution. The
solution of Eq. (24) in this case is quite difficult and can
be obtained in most cases only numerically. On the other
hand, when the basic state is steady or quasisteady, the ma-
trices A and B are time-invariant and Eq. (24) can be solved

analytically.
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It can be shown 718 that the matrix A can be written in the
general case in the form

A EAl—i%UI

where A, is a 2N x 2N-dimensional reduced influence matrix
with a vanishing trace [trace (4;)=0]. It also can be shown
that each of the stability analyses studied in Refs. 3-16 can be
described as a particular case of Eq. (24), without a perturba-
tion R, of the surfaces and without a disturbance vector d.

Control-Theory Approach

When an equation for the output P, of the measurement of
y at every 8

Pe(B,1) = C(B,)3(B,1) @7

is included, Eqgs. (24) and (27) have the general form of the
basic equations of the classic linear-control theory,?' where
is the state variable vector, A (8,#) is the system matrix, #(3,¢)
is the input or control vector, B(8,¢) is the control matrix, .
is the measurement vector, and C(3,f) is the measurement
matrix. Following Kwakernaak and Sivan,?' the concepts of
“‘controllability”” and ‘‘observability’’ can now be defined:

1) A vortex system is defined as ‘‘controllable” at a certain
wave number 3 if the disturbances’ state vector y(8,¢) can be
transferred from its initial state at any time #, to any terminal
state at time ¢, within a finite time interval #; — #y.

2) A vortex system is defined as ‘‘observable’’ (or ‘‘recon-
structible’’) at a certain wave number 3 if for every time ¢,
there exists a time 7, within the interval — oo <#y<?, such that
for all #(8,7) and ty<t <t,, the condition p.[¢,%0,P0(B,%0),7]
=P 12,20, 90(B,10),F] implies that Po=pg [where yo(B.Zo) is
the initial condition at time #,].

Controllability means that the perturbations along the vor-
tex lines can, for a given 3, be steered from one given state to
any other state. It can be shown!” that a vortex system that is
steady in its basic state is controllable at a certain wave number
g if, and only if, the rank [P(B3)] of the controllability matrix
P(pB) equals 2N, where

P =[B,AB,...,A*N"1B| 28)

In this case, the unstable modes of the disturbances to the
vortex filaments can theoretically be stabilized. Following
Kwakernaak and Sivan,?! a controllability criterion can be
found also for the general case where the basic state is un-
steady.!”

Observability means that the behavior of all the distur-
bances’ state vector y can be determined by the behavior of
the output-measurement vector .. Observability also includes
the determination of the minimum number of parameters that
have to be measured for the reconstruction of the behavior of
the perturbations. It can be shown!’ that a vortex system that
is steady in its basic state is observable if, and only if, the rank
[Q(B)] of the observability matrix Q(B) equals 2N, where

Q® =[CTATCT,...,(AN-1)TCT] 9)
Following Kwakernaak and Sivan,?' an observability crite-

rion can be derived also for the general case where the basic
state is unsteady.!”

Goud
o+ RT
CONTROL ~ ~ ~ \;351.;:
MATRIX A
R 1 i’ Y
L = B 0 (sr-a)"' —~-

Fig. 1 Open-loop control.
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When the problem described by Eq. (24) can be reduced to
a two-rank problem, the time-invariant matrices A(8) and
B(f) are 2 X 2 dimensional and the matrix C(8) is 1 X2 dimen-
sional. The terms in Eq. (24) can then be written in the follow-

ing form:
—l% U+a; a b b
A(B) = . , B(B)___ I:bll blZ]
a2 —ifu_a, 21 O»
¢
. R R
j;:[yl F= X a:[‘{l:l
al oR, |” d
at
Ve=[Pal, C=IC,C)] - (30)

where a,1,@12,a31,b11,b12, 021, b1, are time-invariant functions.
Sufficient conditions for the controllability of this vortex sys-
tem at a certain wave number 3 are

detB(B) = by1byy — biyby #0
or
a3 b — 2a1b11by; — b #0 €28

and the condition for observability of this vortex system at a
certain wave number 3, by measuring one parameter j., only,
is

detQ(B) = a12Ct - 2a;,C,C; — @, C3 # 0 (32)

It has to be emphasized at this point that the analyses of
most of the above-mentioned two-dimensional problems3-
and of all the above-mentioned three-dimensional prob-
lems!%-16 can be reduced to the solution of the two-rank prob-
lems described by Egs. (24) and (30).

Active Control of Vortex Stability

The new control-theory approach to vortex-system stability
that was just presented introduces a new possibility of actively
controlling vortex stability by two basic classic methods.

The first method of controlling a vortex-system stability is in
an open-loop mode. This method is derived directly from Eq.
(24) and uses an a priori known surface oscillation R((xg,?) to
control the development of the disturbances along the vortex
system. When the basic vortex state is steady, or quasisteady,
a Laplace transform of Eq. (24) gives the following transfer
function for each 3:

9(8,5) = [SI-A®)] ' {BB[L]Ri(8,9) +50(8) + (5, )]

(33)
$o+ 2 VORTEX
CONTROL ~072 SYSTEM
MATRIX
N
A Y
L2 rJ\ - N
. B & (SI-A)
R ?
! H{S) ~¢ c(s)
CONTROL MEASUREMENT
LAW MATRIX

Fig. 2 Closed-loop feedback control.
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where S is the Laplace transform variable. A description of the
open-loop scheme in this case is shown in Fig. 1. Such a control
method can be applied only to wave numbers § that are con-
trollable according to the criteria previously defined.

The second control method is in a closed loop with a feed-
back mode (Fig. 2) that can be derived from Eqgs. (24) and (27),
together with an appropriate control law in the general form

R(B,0) = H[$:(8,0)] (€2

where H is a control operator that acts on the output vector
$.(8,1). In this method, the vortex disturbances [$(85,¢)] are
measured [Eq. (27)] at each wave number 3. The resulting
measured data [ . (8,¢)] are used by the control operator in a
feedback loop to activate surface oscillations R;(8,#) in order
to control the vortex disturbances vector y(3,?).

When the basic vortex state is steady, or quasisteady, and
when H is a time-invariant linear-control operator, a Laplace
transform of Egs. (24), (27), and (34) results, at each 3, in

SHB,5) = ABFB,S) + BBHB,S) + 9o(B) + AB,S)
5:(8,5) = CBHB.5)
Ri(B,S) = H(B) 5. (8.,5)
#8,8) = [§|Ri(8,S) (39

The controlled vortex disturbances are characterized by the
eigenvalues of the controlled matrix

A.B) = [I-b,@HEBCB)] " [AB) +b.BHEB)CB)] (36)

" where b(8) and b,(3) are the column vectors of matrix B(8):
B(B)=[b(B)|b2(8)]-

The closed-loop feedback control can be applied only at
wave numbers § that are controllable and observable accord-
ing to the criteria previously defined.

Examples

The new control-theory approach and methods can now be
applied to any two- or three-dimensional stability analysis of a
straight-vortex system. In the present paper, the stability prob-
lems of a single vortex centered in a circular tube and that of
a single vortex moving above a straight plane are considered.
More problems, especially of vortex systems in or near a circu-
lar tube, were treated by the authors!” and will be published in
subsequent papers.

Line Vortex Conceitric with a Circular Tube

In the case of a straight vortex filament with circulation T’
running down the center of a circular tube of radius Ry, it was
shown by Rusak and Seginer!¢ and Rusak'’ that

zp(ﬁ)x(ﬁ)]
1-1.,(8)

b y=bp=by=bn=0 (37

: T
a; =0, ap=—an = 27;-R02 I:ﬁZW(B)_

where 6§ is the dimensionless cutoff distance, 6=C*B3, C*is a
vortex core-diameter parameter that can be evaluated by the
Widnall®* or Moore and Saffman?* models of the cutoff dis-
tance, W(8) is Crow’s self-induced velocity function,'2 {(83),
x(B) are Crow’s interaction functions,!2 and 7,,(8) is a function
defined by Rusak and Seginer.'®

Equations (37) show that the vortex in the center of a circu-
lar tube is dynamically stable at all wave numbers 8.!% Since
B =0 in the linear approximation at every 3 (because of sym-
metry considerations), it can be concluded from Eq. (31) that
the concentric vortex in a circular tube is not controllable at
any (; therefore, it cannot be controlled by unsteady radial
cross-section variations along the tube. This vortex is, how-
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ever, observable by measuring one parameter only [Eq. (32)] at
every 3, except for 8,(C*) that satisfies

Y(Bo)x(Bo)
1-1.(Bo)

The behavior of 8 vs C*is shown in Ref.!® Only when =3,
does full observability require the measurement of both
parameters that define the perturbations to the vortex line.

BIW(C*Bo) =

Vortex near a Plane

A vortex with circulation I' that is moving near a straight
plane at a distance 2 has an inherent tendency toward the
well-known symmetric Crow instability.!? It can be shown!2!7
that in this case

; r 1 2
a11=0, alzzm—z |:62W(6)_Z_X(46)]
r 1 2
an= -5 [BZW(6)+ i _"(45)}
bll 2T h2 1(6)3 b12=-‘0
b= liU o bp=e”? (38)

where
© 2
II(B) j (1 + 2)3 X(B\/r)

is an influence coefficient that cannot be expressed analyti-
cally, but can be evaluated numerically. 7,(0)=1/2, for every
B I(3)>0, and as B— o I,(B) goes to zero.

The eigenvalues of the free (unforced, or R, =0, d=0) prob-
lem are

)\1_2 = —lg U+ \/C“?O(B)

_ _ T \? 1 ¥(2B8)
ChB) = - (ﬁ) [52W(5) t7- T]

1 x(ZB)]

X [ B @)~ 3~ (39)

The function CZ(B) is presented in Fig. 3 for several values of
the parameter C*. The expression for C2 is similar to the
expression that was used by Crow!2 to investigate the dynamic
stability of the development of perturbations along a pair of
trailing vortices in their symmetric mode. It was found!? that
with C*<0.2, an instability can occur at wave numbers
0=B=<p,(C*), whereas for 3> 3,(C*) the vortex pair is stable.

The vortex near a plane (or the Crow vortex pair in the
symmetric mode) is observable. With C;=0 and C,=1 in the
observability condition [Eq. (32)], a vortex near a parallel
plane is fully observable at every 8>0 by measuring just one
of its parameters, because [82W (8) + 1/4 — (28)/4]> 0 for ev-
ery positive wave number (8>0) and for C*<0.2 (including
the region where instability can occur). When 8=0 (a two-
dimensional perturbation), full observability by one parameter
only can be proven by Eq. (32) with C,=1, C,=0.

It can be concluded from Eq. (31) that since for every 8,

detB(B) = I(B)e=* =0

T
27h?
then a single vortex filament that parallels a plane surface and

is in its proximity is also controllable at every wave number 3,
including those at which instability may occur, and it can be
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Fig.3 Normalized generalized-damping ceefficients for different
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stabilized by an appropriate unsteady perturbation R,(x,?) to
the solid planar surface.

Application of the closed-loop active control method
(Fig. 2) with C= (0,1) and H =(—1)? (¢ =1 or 2) results in the
following control law for every wave number §:

RiB.1)=(-1)24,B,1) (g=1or2) 40
Applying Eqs. (24), (30), (38), and (40) to this particular case

results in the control matrix A.(8) with the following eigen-
values:

)\12—-—1—U:|:\/ (1)

r 1 ¥28)
~(zm) [‘”W(‘”W‘T]

(W ® - v —x28/4-1,@)

1+e-#
= _ r y 1 ¢y2B)
Ch(® =- (m) [ﬁZW(a) +g~ T]
BEW(8) — Vo —x(28)/4+ I1(B)
x [ :_Z_B 1(6)] (42)

The functions C3(8) and C3(B) also are presented in Fig. 3 for
several values of C*. When g = 1, the function C3(8) behaves
similarly to C2, but instability increases. It can occur in a
wider range of wave numbers and has higher values of the
exponential growth rate of the perturbations. On the other
hand, when g =2, then CA(8)=<0 at every wave number 8.
This means that for every 3, the development of the perturba-
tions along the vortex can be fully stabilized by activating
unsteady oscillations of the planar surface that obey the con-
trol law B, =2,

To summarize, the well-known inherent symmetric Crow
instability of a vortex moving near a planar surface'>!” can be
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amplified or suppressed at will by using active lengthwise oscil-
lations of the surface that obey the control law of Eq. (40). It
should be emphasized that this control law requires the mea-
surement of the development of only the vertical displacement
perturbation of the vortex and the simultaneous activation of
the surface oscillations. When the surface oscillations are in
phase (q = 2) with the vertical displacement of the vortex, full
stabilization can be achieved, whereas when the surface oscil-
lations are out of phase (g = 1), instability is increased.

Conclusions

The linear three-dimensional equations that describe the lin-
ear stability of vortex systems near a parallel surface have the
general form of the classic linear-control problem, with un-
steady surface oscillations as the controller. The ‘“controllabil-
ity’’ and ‘‘observability’’ of vortex-system stability are defined
by the classic criteria of linear-control theory. Criteria for the
analysis of the control of vortex systems result in the proposed
method of actively controlling the vortex stability. The meth-
ods of open-loop control and closed-loop with feedback con-
trol are presented for vortex systems. The examples shown
demonstrate the powerful potential of the new combined theo-
ries of vortex stability and control. By using active solid-sur-
face oscillations, a control law is proposed for the closed-loop
method to suppress or to amplify at will the well-known Crow
instability of a vortex moving near a straight plane.
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